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1. Introduction
C∗-algebras have inspired many notions and results in the theory of Banach spaces. Concerning the interest of the present
paper, the starting point could be dated in the early Bohnenblust–Karlin paper [12], where it is shown that the unit of every
norm-unital complex Banach algebra is a vertex of the closed unit ball of the algebra (a purely Banach space notion), and
that vertices of the closed unit ball of a unital C∗-algebra are precisely the unitary elements of the algebra (a purely
algebraic notion). Since the Bohnenblust–Karlin paper, many authors have been interested in the geometry of the Banach
spaces of norm-unital Banach algebras around their units, and the relationship between this geometry and the algebraic
structure. The results obtained in this line until 1973 are nicely collected in the Bonsall–Duncan monograph [13,14], and
culminate in the celebrated Vidav–Palmer theorem characterizing unital C∗-algebras among norm-unital complex Banach
algebras in terms involving only the Banach space of the algebra, and the unit [13, Theorem 6.9].
Another aspect where C∗-algebras inspired deep developments in the theory of Banach spaces is that of the inﬁnite-
dimensional holomorphy. Indeed, the open unit ball of any C∗-algebra is a bounded symmetric domain [35]. Moreover, if
the open unit ball of a complex Banach space is a bounded symmetric domain, then the Banach space itself is “almost”
a C∗-algebra, and there is an intrinsically deﬁned triple product {· · ·} on it which behaves algebraically and geometrically
like the one obtained from the binary product of a C∗-algebra by taking {xyz} = 12 (xy∗z+ zy∗x). The resulting mathematical
creature, called a JB∗-triple, has been feverishly studied in last years, and the star result in the theory, due to W. Kaup [45],
asserts that every bounded symmetric domain in a complex Banach space is biholomorphically equivalent to the open unit
ball of a suitable JB∗-triple. Let us mention also that, by combining the theory of JB∗-triples with the literature originated in
the Bohnenblust–Karlin paper [12], it has been possible to characterize (possibly non-unital) C∗-algebras as those complex
Banach algebras having an approximate unit bounded by 1, and whose open unit ball is a bounded symmetric domain [44].
In the above paragraphs, we have described the setting where the present survey paper is going to live. In Section 2,
we review in detail the already commented Bohnenblust–Karlin Banach space characterization of unitaries in C∗-algebras
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Á.R. Palacios / J. Math. Anal. Appl. 369 (2010) 168–178 169(Theorem 2.1), as well as some results, both in the theory of Banach algebras [8,13,14,18,43,54,57] and in the one of Banach
spaces [4,34,49–51], originated in that characterization. It is worth mentioning that the Bandyopadhyay–Jarosz–Rao paper [4]
is motivated by the recent Akemann–Weaver rediscovery [2] of the Bohnenblust–Karlin characterization, and that, in its turn,
some results in [4] become rediscoveries of previous ones in [14,51]. Actually, the dispersion and disconnection of results
on the topic we are reviewing has been one of the reasons encouraging the author to write the present paper.
In Section 3, we show how, thanks to [15,44,56], the Bohnenblust–Karlin Banach space characterization of unitaries in
C∗-algebras remains true in the more general setting of JB∗-triples (Theorem 3.1), and note that a JB∗-triple has unitary
elements if and only if it is the JB∗-triple underlying a suitable unital JB∗-algebra [15]. JB∗-algebras are Jordan–Banach
complex algebras with involution, which behave like C∗-algebras endowed with the Jordan product x ◦ y = 12 (xy + yx) [61].
Section 4 is devoted to the study of unitaries in real JB∗-triples (i.e., closed real subtriples of JB∗-triples [37]). Since a
Banach space characterization of unitaries in real JB∗-triples cannot be found (see Example 4.6), and such a characterization
could be found [24], but remains unknown to date, in the particular case of real JB∗-algebras (i.e., closed ∗-invariant real
subalgebras of JB∗-algebras), we center our attention in the still more particular case of JB-algebras. JB-algebras are Jordan–
Banach real algebras which behave like the self-adjoint parts of C∗-algebras endowed with the Jordan product [32]. We
collect in Theorem 4.1 a Banach space characterization of unitaries in JB-algebras, essentially due to J.D.M. Wright and
M.A. Youngson [63], and review in Theorem 4.8 the recent Leung–Ng–Wong determination of vertices of closed unit balls of
JB-algebras [48].
We begin the last section of the paper (Section 5) by involving in our development the notions of norm-norm and
norm-weak upper semi-continuity of the duality mapping of a Banach space at a point [27]. Although these notions were
not motivated by any Banach algebra question or result, they have shown useful in the study of norm-unital Banach alge-
bras [43,51], mainly in the case that these algebras are in addition dual Banach spaces [3]. Then, we invoke deep results in
the Godefroy–Indumathi and Godefroy–Rao papers [28,29], about the norm-weak upper semi-continuity of the pre-duality
mapping of a dual Banach space, and derive three previously unnoticed relevant facts (see Corollaries 5.8–5.10). We note
that Corollary 5.8 (respectively, Corollary 5.9) can be regarded as an abstract version of a recent dual Banach space charac-
terization of unitaries (respectively, of central symmetries) in von Neumann algebras (respectively, in JBW-algebras) proved
in [2] (respectively, in [48]).
All results collected in this paper are either known or easily derivable from known ones. However, in most cases, both
the codiﬁcation and the organization of results seem to us to be new. Let us also say that the present survey is an updated
and enlarged version of an early short note of the author [58] which, although never published, has been quoted in several
papers (see for example [25] and [48]).
2. Unitaries in C∗-algebras
As pointed out by several authors, the celebrated paper of R.V. Kadison [42], on surjective linear isometries of C∗-
algebras, implicitly contains a Banach space characterization of unitary elements in unital C∗-algebras. Actually, an explicit
characterization is given by the following.
Theorem 2.1. Let A be a unital C∗-algebra, and let u be a norm-one element of A. Then the following conditions are equivalent:
(1) u is unitary.
(2) The dual space A∗ is the linear hull of the set of states of u.
(3) u is a vertex of the closed unit ball of A.
We recall that, given a norm-one element u of a Banach space X , the states of u (relative to X ) are deﬁned as those
norm-one elements f of the dual space X∗ satisfying f (u) = 1. We also recall that vertices of the closed unit ball of a
Banach space X are deﬁned as those norm-one elements u of X such that the set of states of u, D(X,u), separates the
points of X .
The proof of the implication (1) ⇒ (2) is really easy. Indeed, since it is well known that Condition (2) is fulﬁlled in the
case that u equals the unit 1 of A, it also remains fulﬁlled for every unitary u because unitary elements of A lie in the orbit
of 1 under the group of all surjective linear isometries on A. By the way, an alternative proof of (1) ⇒ (2) can be given by
noticing that, if u is a unitary element of A, then A becomes a C∗-algebra with unit u under the product x y := xu∗ y
and the involution x → ux∗u. On the other hand, the implication (2) ⇒ (3) is clear. Therefore, the core of the theorem is
the implication (3) ⇒ (1), which is proved in Example 4.1 of the early paper of H.F. Bohnenblust and S. Karlin [12], and
is collected in Theorem 9.5.16(c) of Palmer’s book [55]. As pointed out by Bohnenblust and Karlin in [12], the equivalence
(1) ⇔ (3) in the above theorem drastically simpliﬁes Kadison’s original arguments in [42].
Theorem 2.1 remained forgotten by many people until it has been rediscovered by C. Akemann and N. Weaver [2, Theo-
rem 2], who only formulate the equivalence (1) ⇔ (2) in that theorem.
We list in Remark 2.2 immediately below some other known results related to Theorem 2.1. To be short, norm-one
elements u of a Banach space X such that X∗ is the linear hull of D(X,u) will be called geometrically unitary elements
of X .
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at u by
n(X,u) := inf‖x‖=1 supf ∈D(X,u)
∣∣ f (x)∣∣.
Then u is a geometrically unitary element of X if and only if n(X,u) > 0 [51, Theorem 3.2]. We note that n(X,u) can be
equivalently deﬁned as the maximum nonnegative real number k satisfying
k sup
f ∈D(X,u)
∣∣ f (x)∣∣ ‖x‖
for every x ∈ X .
(b) The above result becomes an abstract version of the Moore–Sinclair theorem [53,60] (see also [14, Theorem 31.1])
that, if A is a complex Banach algebra with a norm-one unit 1, then 1 is a geometrically unitary element of A. Indeed,
the Moore–Sinclair theorem follows from (a) by keeping in mind the Bohnenblust–Karlin theorem that n(A,1)  1e [12]
(see also [13, Theorem 4.1]). Part (a) of the present remark also implies that the requirement of associativity of A in the
Moore–Sinclair theorem can be altogether removed because, as pointed out in [51, p. 617], the Bohnenblust–Karlin theorem
remains true in the non-associative context.
(c) Let A be a complex Banach algebra with a norm-one unit 1 (associativity of A is now required), and let u be
an algebraically unitary element of A (i.e., an invertible element satisfying ‖u‖ = ‖u−1‖ = 1). Since the operator of left
multiplication by u on A is a surjective linear isometry taking 1 to u, it follows from the Moore–Sinclair theorem that u is
a geometrically unitary element of A.
(d) Let X be a Banach space, and let u be a norm-one element of X . Then we have n(X∗∗,u) = n(X,u) [51, Lemma 4.8].
Consequently, by Part (a) of the present remark, u is a geometrically unitary element of X∗∗ if and only if it is a geometri-
cally unitary element of X [4, Corollary 3.4].
(e) Let A be a unital C∗-algebra. It follows from [18, Theorem 1] that, for a norm-one element u in A, each of Condi-
tions (1) to (3) in Theorem 2.1 is equivalent to
(4) n(A,u) is equal to 1 or 12 .
Moreover, the existence of a norm-one element u of A with n(A,u) = 1 is equivalent to the commutativity of A.
( f ) It is straightforward that vertices of the closed unit ball, BX , of a Banach space X are extreme points of BX . By the
way, the closed unit ball of a C∗-algebra A has extreme points if and only if A has a unit, and, in this case, the extreme
points of BA are the elements u ∈ A such that (1− uu∗)A(1− u∗u) = 0 [59, Theorems 1.6.1 and 1.6.4].
(g) Let us say that a norm-one element u of a Banach space X is a strongly extreme point of BX if, whenever (xn)
and (yn) are sequences in BX with limn→∞ 12 (xn + yn) = u, we have limn→∞(xn − yn) = 0. According to [4, Corollary 3.6],
geometrically unitary elements of X are strongly extreme points of BX .
(h) The above result becomes an abstract version of the previously known fact that, if A is a complex Banach algebra
with a norm-one unit 1, then 1 is a strongly extreme point of B A [13, Theorem 4.5]. Indeed, this fact follows from (g) and
the Moore–Sinclair theorem. Now note that the associativity of A is not needed in the Moore–Sinclair theorem (see Part (b)
of the present remark), and that, if A is a (possibly non-associative) real Banach algebra with a norm-one unit 1, then the
projective tensor product C ⊗π A is a complex Banach algebra with unit 1 ⊗ 1. It follows that, if A is a real or complex
(possibly non-associative) Banach algebra with a norm-one unit 1, then 1 is a strongly extreme point of B A . For quantitative
versions of this fact, the reader is referred to [41].
(i) Let X be a Banach space (with unit sphere S X ), and let u be in S X . The element u is said to be a strongly exposed
point of BX if there exists g ∈ S X∗ with the property that, whenever (xn) is a sequence in BX such that (g(xn)) → 1, we
have (xn) → u. It is well known that, if u is a strongly exposed point, then u is a denting point of BX , which means that
there are slices of BX of arbitrarily small diameter which contain u. On the other hand, if u is a denting point of BX ,
then u is a strongly extreme point of BX [47, p. 169]. Now, let A be a (possibly non-associative) real or complex Banach
algebra with a norm-one unit 1. Then there exists an equivalent algebra norm ||| · ||| on A arbitrarily close to ‖ · ‖, satisfying
|||1||| = 1, and such that 1 becomes a strongly exposed point of B(A,|||·|||) [54, Theorem 2.8]. Moreover, if in addition A is a
dual Banach space, then the norm ||| · ||| above can be chosen among the dual norms on A, and in such a way that 1 becomes
in fact a w∗-strongly exposed point of B(A,|||·|||) . We note that, even if A is associative, 1 need not be a denting point (much
less a strongly exposed point) of BA . Indeed, the Banach algebra of all bounded linear operators on any inﬁnite-dimensional
complex Hilbert space has no denting point in its closed unit ball [31]. More generally, the closed unit ball of a C∗-algebra A
is dentable (i.e., there are slices of BA of arbitrarily small diameter) if and only if A is ﬁnite-dimensional [9].
( j) By a unitary Banach algebra we mean an associative Banach algebra A with a norm-one unit 1, and such that B A
equals the closed convex hull of the set of all algebraically unitary elements of A (in the sense of Part (c) of the present
remark). Relevant examples of unitary Banach algebras are all unital C∗-algebras [14, Theorem 30.2] and the discrete group
algebras 1(G) for every group G . Let A be a unitary Banach algebra. If A is complex, then the product of A becomes a
geometrically unitary element in the Banach space of all continuous bilinear mappings from A × A to A [8, Corollary 3.13].
On the other hand, if BA is dentable, then, according to [8, Theorem 4.5], for a norm-one element u of A, the following
assertions are equivalent:
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(2) u is a denting point of BA .
(3) BA equals the closed convex hull of the orbit of u under the group of all surjective linear isometries on A.
We do not know if Theorem 2.1 remains true whenever “unital C∗-algebra” is replaced with “unitary complex Banach
algebra”, nor even if algebraic unitaries in unitary complex Banach algebras can be geometrically characterized. Unitary
Banach algebras originated in Cowie’s PhD thesis [17], and were reconsidered, without noticing Cowie’s forerunner, in the
Hansen–Kadison paper [33]. For later development of the theory, see [5–8] and references therein.
(k) Let X be a Banach space. By a product on X we mean a continuous bilinear mapping from X × X to X . We denote by
P(X) the Banach space of all products on X . Now, assume that X is complex. By a C∗-product on X we mean an element
p ∈ P(X) such that X , endowed with the product p and a suitable involution, becomes a C∗-algebra. Every C∗-product p
on X is both a geometrically unitary element of P(X) [43, Theorem 1.1] and an “approximately norm-unital product” (which
means that (X, p) is a Banach algebra having an approximate unit bounded by 1). In the case that X is the Banach space
underlying a C∗-algebra, the converse is also true. More precisely, if there are C∗-products on X , and if p is both an extreme
point of BP(X) and an approximately norm-unital product (associativity of p is not assumed), then p is an (automatically
associative) C∗-product on X [57, Theorem 3.1].
(l) Vertices of the closed unit ball of a Banach space X need not be geometric unitaries [50, Example 3.b], nor even
strongly extreme points of BX [4, Example 3.7]. The vertex in [50, Example 3.b] is in fact the unit of a real norm-unital
Banach algebra (say X ), and hence, by Part (h) of the present remark, it is a strongly extreme point of BX .
(m) Let X be a complex Banach space. As a consequence of Part (b) of the present remark, the identity mapping on X
(say 1) is a vertex of the closed unit ball of the Banach space L(X) of all bounded linear operators on X . Actually, 1 remains
a vertex of the closed unit ball of a much larger Banach space. More precisely, by passing to restrictions to BX , the space
L(X) can be identiﬁed with a closed subspace of the sup-normed Banach space A0(X) of all bounded continuous functions
from BX to X which are holomorphic in the open unit ball of X and vanish at zero, and it follows straightforwardly
from [34, Proposition 2] that 1 becomes a vertex of B A0(X) . In fact, minor changes to the proof of [34, Proposition 2] allow
us to realize that 1 is a vertex of BA(X) , where A(X) stands for the Banach space of all bounded continuous functions
from BX to X which are holomorphic in the open unit ball of X .
(n) As pointed out in [4, Section 5], a bounded linear operator T on a Banach space X is a geometrically unitary element
of L(X) whenever the adjoint operator T ∗ is a geometrically unitary element of L(X∗). The converse is far from being true.
Indeed, as a consequence of [49, Theorem 3.3] (with E equal to the two-dimensional Euclidean real space), there is a real
Banach space X (namely, the space X(E) in that theorem) such that the identity mapping 1 on X is a geometrically unitary
element of L(X) (with n(L(X),1) = 1), whereas the identity mapping on X∗ is not even a vertex of BL(X∗) .
We note that Parts (a) and (c) of the above remark have been recently rediscovered (see [4, Theorem 3.1] and [4, Corol-
lary 3.5], respectively).
3. Unitaries in JB∗-triples
JB∗-triples are deﬁned as those complex Banach spaces X endowed with a continuous triple product {· · ·} : X× X× X → X
which is linear and symmetric in the outer variables, and conjugate-linear in the middle variable, and satisﬁes:
(1) For all x in X , the mapping y → {xxy} from X to X is a Hermitian operator on X (in the sense of [13, Deﬁnition 5.1])
and has nonnegative spectrum.
(2) The equality
{
ab{xyz}}= {{abx}yz}− {x{bay}z}+ {xy{abz}}
holds for all a,b, x, y, z in X .
(3) ‖{xxx}‖ = ‖x‖3 for every x in X .
Every C∗-algebra becomes a JB∗-triple under the triple product
{xyz} := 1
2
(
xy∗z + zy∗x).
More generally, C∗-algebras are JB∗-algebras under the product
x ◦ y := 1
2
(xy + yx), (1)
and JB∗-algebras become JB∗-triples under the triple product
{xyz} := x ◦ (y∗ ◦ z)+ z ◦ (y∗ ◦ x)− (x ◦ z) ◦ y∗ (2)
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conjugate-linear algebra-involution ∗ satisfying ‖Ux(x∗)‖ = ‖x‖3 for every x in A, where, for x in A, the operator Ux : A → A
is deﬁned by Ux(y) = 2x ◦ (x ◦ y) − x2 ◦ y.
As already pointed out in the introduction, the main interest of JB∗-triples relies on the fact that, up to biholomorphic
equivalence, there are no bounded symmetric domains in complex Banach spaces others than the open unit balls of JB∗-
triples [45]. Unitary elements of a JB∗-triple X are deﬁned as those elements u of X satisfying {u{uxu}u} = x for every
x ∈ X . It is easily seen that, if a C∗-algebra A has a unitary element in the JB∗-triple sense, then A has a unit, and unitary
elements in the JB∗-triple sense coincide with unitary elements in the usual C∗-algebra meaning.
According to the celebrated Kaup’s version [45] of the Banach–Stone theorem, the surjective linear isometries between
JB∗-triples are precisely the triple-isomorphisms. Therefore, implicitly, unitary elements of a JB∗-triple are determined by
the Banach space structure. An explicit determination is provided by the following.
Theorem 3.1. For a norm-one element u in a JB∗-triple X, the following conditions are equivalent:
(1) u is unitary.
(2) n(X,u) is equal to 1 or 12 .
(3) u is geometrically unitary.
(4) u is a vertex of the closed unit ball of X .
The proof of Theorem 3.1 goes as follows. If Condition (1) is fulﬁlled, then X , endowed with the product x ◦ y := {xuy}
and the involution x∗ := {uxu}, becomes a unital JB∗-algebra whose unit is precisely u (see [15]), and hence (2) holds by [56,
Theorem 26] (see also [36, Theorem 4]). On the other hand, the implication (2) ⇒ (3) follows from Remark 2.2(a), and the
one (3) ⇒ (4) is clear. Finally, the implication (4) ⇒ (1) follows from [44, Lemma 3.1] and [15, Theorem 4.4]. An alternative
proof of (4) ⇒ (1) can be given by keeping in mind that vertices of the closed unit ball of a Banach space are extreme
points, that extreme points of the closed unit ball of a JB∗-triple are well understood [46, Proposition 3.5], and then by
selecting (with the help of [26, Proposition 1(a)]) those extreme points which are in fact vertices.
In relation to the above proof, it is worth mentioning that, contrarily to what happens in the case of C∗-algebras, the
group of all surjective linear isometries on a JB∗-triple X need not act transitively on the set of all unitary elements of X [15,
Example 5.7]. Let us also notice that, by the references applied above, the existence in a JB∗-triple X of a geometrically
unitary element (respectively, of a norm-one element u with n(X,u) = 1) is equivalent to the fact that X is triple-isomorphic
to a unital JB∗-algebra (respectively, to a unital commutative C∗-algebra). Therefore, as in the case of C∗-algebras (see
Remark 2.2( j)), if a JB∗-triple X has a unitary element, then BX equals the closed convex hull of the set of all unitaries
in X [62].
We list in Remark 3.2 immediately below some other known results related to Theorem 3.1.
Remark 3.2. (a) The closed unit ball of a JB∗-algebra A has extreme points if and only if A has a unit [64, Corollary 10].
Therefore, by Remarks 2.2(b) and 2.2( f ), a JB∗-algebra A has geometrically unitary elements if and only if B A has vertices,
if and only if BA has extreme points. A similar situation need not hold for general JB∗-triples. Indeed, every complex Hilbert
space H becomes a JB∗-triple under the triple product {xyz} := (x|y)z+(z|y)x2 , and however every element in SH is an extreme
point of BH whereas, if dim(H) 2, BH has no vertex.
(b) Let A be a Jordan algebra with a unit 1, and let x be an element of A. Following [39, Section I.11], we say that x
is invertible in A if there exists y ∈ A such that the equalities x ◦ y = 1 and x2 ◦ y = x hold. If x is invertible in A, then
the element y above is unique, it is called the inverse of x, and is denoted by x−1. Now assume that A has an involution
(respectively, that A is normed). Then we say that x is ∗-unitary (respectively, algebraically unitary) if it is inversible in A
with x−1 = x∗ (respectively, with ‖x‖ = ‖x−1‖ = 1). According to [15, Proposition 4.3], if A is in fact a unital JB∗-algebra,
then x is a unitary element of A in the JB∗-triple sense if and only if it is ∗-unitary, if and only if it is algebraically unitary.
(c) The bidual of a JB∗-algebra A, endowed with a suitable product and a suitable involution, is a unital JB∗-algebra
containing A as a JB∗-subalgebra [64, Theorem 6].
(d) Unitaries in JB∗-triples are examples of tripotents (i.e., elements x such that {xxx} = x). In the particular case of
C∗-algebras, tripotents are usually called partial isometries. As a consequence of [19] and [21, Theorem 4.6], tripotents in
a JB∗-triple X are precisely those elements in X which are centers of symmetry of some w∗-closed face of the closed unit
ball of X∗∗ .
(e) A more recent Banach space characterization of tripotents in JB∗-triples, generalizing a previous result for C∗-
algebras [2, Theorem 1], is proved in [25]. Indeed, a norm-one element u of a JB∗-triple X is a tripotent if and only if
the sets{
x ∈ X: there exists α > 0 with ‖u + αx‖ = ‖u − αx‖ = 1}
and {
x ∈ X: ‖u + βx‖ =max{1,‖βx‖} for all β ∈ C}
coincide [25, Theorem 2.1].
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JB-algebras are deﬁned as those complete normed Jordan real algebras A satisfying ‖x‖2  ‖x2 + y2‖ for all x, y in A. The
basic reference for the theory of JB-algebras is the book of H. Hanche-Olsen and E. Stormer [32]. An element u of a unital
JB-algebra is said to be a symmetry if u2 = 1. The space of all self-adjoint bounded linear operators on a complex Hilbert
space, endowed with the product x ◦ y := 12 (xy + yx), becomes an illustrative example of a JB-algebra. As in this particular
case, every unital JB-algebra A is endowed with an order with the property that B A is aﬃnely isomorphic to its positive
part (say B+A ) via the mapping x → 12 (x+ 1). It is proved in the Wright–Youngson early paper [63] that the extreme points
of B+A are precisely the idempotents of A. Therefore, as codiﬁed explicitly in [38, Lemma 1.2], we have the following.
Theorem 4.1. Let A be a unital JB-algebra. Then the extreme points of the closed unit ball of A are precisely the symmetries of A.
By a real JB∗-algebra we mean a closed ∗-invariant real subalgebra of a (complex) JB∗-algebra. In the case of the existence
of a unit, real JB∗-algebras were introduced (under the name of J∗B-algebras) by K. Alvermann [1], who provided a system
of intrinsic axioms for them. By a non-unital version of [61] (see [32, 3.8.2 and 3.8.3]), JB-algebras are precisely those
real JB∗-algebras whose involution is the identity mapping. Real C∗-algebras (i.e., closed ∗-invariant real subalgebras of
C∗-algebras), equipped with the Jordan product deﬁned by the equality (1), become also relevant examples of real JB∗-
algebras. According to Proposition 4.2 below, our notion of a real JB∗-algebra coincides with the apparently stronger one
in [37, p. 321], where this concept was introduced by the ﬁrst time.
Following [37], by a real JB∗-triple we mean a closed real subtriple of a (complex) JB∗-triple. Clearly, every real JB∗-
algebra becomes a real JB∗-triple under the triple product deﬁned by the equality (2). If A is a real JB∗-triple, then its
complexiﬁcation has a natural triple product, namely the one obtained by extending that of A by complex linearity in the
outer variables, and by conjugate-linearity in the middle variable. Analogously, if A is a real JB∗-algebra, we can extend
both the product of A (by complex bilinearity) and the involution of A (by conjugate-linearity) to the complexiﬁcation of A.
Actually, we have the following.
Proposition 4.2. Let (X,‖ · ‖) be a JB∗-triple (respectively, a JB∗-algebra), and let A be a closed real subtriple (respectively, a closed
∗-invariant real subalgebra) of X. Then the complexiﬁcation A⊕ i A of A, endowed with its natural triple product (respectively, with its
natural product and involution) and the norm |||a⊕ ib||| :=max{‖a+ ib‖,‖a− ib‖}, becomes a JB∗-triple (respectively, a JB∗-algebra).
The bracket-free version of the above proposition is shown in [37, Proposition 2.2]. The bracket version is proved in an
analogous way. Indeed, consider a set copy X̂ of X with sum, product by scalars, product, involution, and norm deﬁned by
x̂+ ŷ := x̂+ y, λ̂x := λ̂x, x̂◦ ŷ := x̂ ◦ y, x̂∗ := x̂∗ , and ‖̂x‖ := ‖x‖, respectively. Then X̂ becomes a JB∗-algebra, and hence X × X̂
is also a JB∗-algebra under the norm ‖(x, ŷ )‖ :=max{‖x‖,‖y‖}. Now, the mapping a ⊕ ib → (a, â) + i(b, b̂) = (a + ib, â − ib)
becomes an algebra ∗-isomorphism from the complexiﬁcation of A onto a JB∗-subalgebra of X × X̂ .
Let X and A be as in Proposition 4.2. It is proved in [37, Lemma 3.3] that extreme points of B A remain extreme in
B(A⊕i A,|||·|||) . Therefore, invoking Remark 3.2(a), we deduce the following.
Corollary 4.3. Let A be a real JB∗-algebra. Then the closed unit ball of A has extreme points if and only if A has a unit.
It follows from Corollary 4.3 and Remark 2.2(h) that the closed unit ball of a real JB∗-algebra has extreme points if
and only if it has strongly extreme points. On the other hand, keeping in mind Proposition 4.2 and Remark 3.2(c), an easy
argument (like the one in the proof of [37, Lemma 4.2]) leads to the following.
Corollary 4.4. Let A be a real JB∗-algebra. Then the bidual of A, endowed with a suitable product and a suitable involution, is a unital
real JB∗-algebra containing A as a real JB∗-subalgebra.
According to [37, Theorem 4.8], surjective linear isometries between real JB∗-triples are precisely those linear bijec-
tions preserving the cube mapping x → {xxx}. As a consequence, surjective triple-isomorphisms between real JB∗-triples are
isometries. In the case of real JB∗-algebras, we have the following converse.
Corollary 4.5. Surjective linear isometries between real JB∗-algebras are in fact triple-isomorphisms.
The above corollary is proved by F.J. Fernández-Polo, J. Martínez, and A.M. Peralta, under the additional assumption that
the real JB∗-algebras under consideration have units (see [24, Corollary 3.4]). To remove this additional assumption, it is
enough to pass to biduals, to keep in mind Corollary 4.4, and to apply the original result in [24] to the bitranspose mapping
of the given isometry. In fact, the proof itself in [24] works verbatim in our more general situation as soon as Corollary 4.4
is kept in mind.
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{u{uxu}u} = x for every x ∈ X . Unitary elements of a real JB∗-triple X are strongly extreme points of BX because, as in
the complex case, if u is a unitary element of X , then X becomes a real JB∗-algebra with unit u (for a suitable product and
a suitable involution), and Remark 2.2(h) applies. Keeping in mind Proposition 4.2, Corollary 4.3, and Remark 3.2(b), we
easily realize that, if a real JB∗-algebra A has a unitary element in the real JB∗-triple sense, then A has a unit, and unitary
elements of A in the real JB∗-triple sense coincide with ∗-unitary elements, as well as with algebraically unitary elements.
In particular, if a JB-algebra A has a unitary element in the real JB∗-triple sense, then A has a unit, and unitary elements in
the real JB∗-triple sense coincide with symmetries in the usual JB-algebra meaning.
A consequence of Corollary 4.5 is that, in the setting of real JB∗-algebras, the notion of a unitary element is actually a
Banach space notion. In the particular case of JB-algebras, an explicit Banach space characterization of unitaries is provided
by Theorem 4.1. For a general real JB∗-algebra, we do not know any explicit Banach space characterization of its unitary
elements. Could they coincide with the strongly extreme points of its closed unit ball? Anyway, in the general setting of
real JB∗-triples, Banach space characterizations of unitaries cannot be found. Indeed, we have the following.
Example 4.6. Let X stand for the two-dimensional real Euclidean space. Then we can identify X with C, and consider it
as a real JB∗-triple under the triple product {λμρ} := λμρ , so that all elements in S X become unitary elements. However,
as it happens with any real Hilbert space, we can also consider X as a real JB∗-triple under the triple product {xyz} :=
(x|y)z+(z|y)x
2 , so that no element in S X becomes unitary.
According to [37, Proposition 4.11], linear isometries from JB-algebras onto real JB∗-triples are in fact triple-isomorphisms.
It follows from Example 4.6 that the result just reviewed does not remain true if we replace JB-algebras with real JB∗-
algebras, nor even if we replace JB-algebras with commutative real C∗-algebras.
Geometrically unitary elements of real JB∗-triples are considered in the paper of F.J. Fernández-Polo, J. Martínez, and
A.M. Peralta [25], where the following result is proved.
Proposition 4.7. (See [25, Proposition 2.8].) Let X be a real JB∗-triple, and let u be a norm-one element in X. Then the following
conditions are equivalent:
(1) u is a geometrically unitary element of X .
(2) u is a vertex of the closed unit ball of X .
(3) The Banach space of X , endowed with the product x ◦ y := {xuy}, becomes a JB-algebra with unit u.
It follows from the above proposition that the existence in a real JB∗-triple X of a geometrically unitary element is equiv-
alent to the fact that X is triple-isomorphic to a unital JB-algebra. Therefore, the study of geometrically unitary elements in
real JB∗-triples is concluded with the following.
Theorem 4.8. Let A be a unital JB-algebra, and let u be a norm-one element of A. Then the following conditions are equivalent:
(1) u is a central symmetry of A.
(2) n(A,u) = 1.
(3) u is a geometrically unitary element of A.
(4) u is a vertex of the closed unit ball of A.
The proof of the implication (1) ⇒ (2) is easy. Indeed, since Condition (2) is fulﬁlled in the case that u equals the
unit 1 of A [32, Lemma 3.6.8], it also remains fulﬁlled in the case that u is any central symmetry because, in that case, the
mapping x → u ◦ x is a surjective linear isometry on A taking 1 to u. On the other hand, the implication (2) ⇒ (3) follows
from Remark 2.2(a), and the one (3) ⇒ (4) is clear. Therefore, the core of the theorem is the implication (4) ⇒ (1), which
is in fact the main result in the Leung–Ng–Wong recent paper [48].
The proof of the implication (4) ⇒ (1) in Theorem 4.8, given in [48], combines order theoretical arguments with the
previously known fact that central symmetries of a unital JB-algebra A are precisely the isolated points of the set of all
extreme points of BA ([38, Proposition 1.3] together with Theorem 4.1). As pointed out in the introduction of [48], an
alternative (and quicker) proof of the implication (4) ⇒ (1) in Theorem 4.8 can be provided by invoking Proposition 4.7 and
a result taken from [38]. Indeed, if u is a vertex of A, then, by Proposition 4.7, the Banach space of A, endowed with a
suitable product, becomes a JB-algebra (say Au) with unit u. Now the mapping a → a is a surjective linear isometry from Au
to A, and hence, as a consequence of [38, Theorem 1.9], there exists a central symmetry b in A, together with a surjective
algebra isomorphism Φ : Au → A, such that we have a = b · Φ(a) for every a ∈ A. This implies, by taking a = u and noticing
that Φ(u) = 1, that u = b is indeed a central symmetry in A.
By Corollary 4.3 and Theorem 4.8, the closed unit ball of a JB-algebra A has extreme points if and only if it has vertices,
if and only if A has geometrically unitary elements.
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space characterization of tripotents of (complex) JB∗-triples, collected in Remark 3.2(d), remains true verbatim in the case
of real JB∗-triples. In its turn, the natural real variant of the geometric characterization of tripotents of (complex) JB∗-triples,
reviewed in Remark 3.2(e), determines tripotents in real JB∗-triples [25, Theorem 2.3].
5. w∗-unitaries
Let σ be a topology on a set E , let τ be a vector space topology on a vector space Y over K (= R or C), let f be a
function from E to 2Y (empty values for f are allowed), and let u be in E . We say that f is σ -τ upper semi-continuous
(in short, σ -τ usc) at u if, for every τ -neighborhood V of zero in Y , there exists a σ -neighborhood U of u in E such that
f (x) ⊆ f (u) + V whenever x lies in U . Now, let X be a Banach space. The duality mapping of X is deﬁned as the function
x → D(X, x) from the unit sphere of X to 2X∗ . These notions are related to the material previously reviewed in this survey
because of the following.
Fact 5.1. (See [51, Proposition 4.5].) Let A be a (possibly non-associative) real or complex Banach algebra with a norm-one unit 1. Then
the duality mapping of A is norm-norm usc at 1.
Keeping in mind that, for a norm-one element u in a Banach space X , we have 0  n(X,u)  1, and that such an
element u is geometrically unitary if and only if n(X,u) > 0 (by Remark 2.2(a)), the requirement n(X,u) = 1 can be read as
that u is a geometrically unitary element of the “best possible type”. Such a special goodness of u reﬂects into the following
easy consequence of Fact 5.1.
Fact 5.2. (See [3, Corollary 5.9].) Let X be a Banach space, and let u be a norm-one element of X such that n(X,u) = 1. Then the duality
mapping of X is norm-norm usc at u.
Fact 5.2 does not remain true if the assumption that n(X,u) = 1 is relaxed to the one that u is a geometrically unitary
element of X . Indeed, for every real number ρ with 0 < ρ < 1, we can ﬁnd a couple (X,u), where X is a Banach space,
and u is a norm-one element of X satisfying n(X,u) = ρ and such that the duality mapping of X is not norm-weak usc
at u [3, Theorem 5.10]. A much more recent result in the same direction is the one asserting that, given any non-reﬂexive
Banach space X , and any non-zero element u ∈ X , there exists an equivalent norm on X such that, in the new norm,
u is a geometrically unitary element but not a point of norm-weak upper semi-continuity for the duality mapping [29,
Theorem 2.3].
Another result, whose proof involves Fact 5.1, is the following.
Fact 5.3. (See [43, Corollary 1.3].) Let A be a C∗-algebra. Then the product of A becomes a point of norm-norm upper semi-continuity
for the duality mapping of the Banach space of all continuous bilinear functions from A × A to A.
The above fact remains true if we replace C∗-algebra with unitary real or complex Banach algebra (in the sense of
Remark 2.2( j)) [8, Corollary 3.3].
Let X be a Banach space, and let Y be a closed subspace of X . We say that Y is a semi-L-summand of X if, for each
x ∈ X , there exists a unique y ∈ Y such that ‖x − y‖ = ‖x + Y‖, and moreover this y satisﬁes ‖x‖ = ‖y‖ + ‖x − y‖. This
happens in particular if Y is an L-summand of X (which means that Y is the range of a linear projection P on X such
that ‖x‖ = ‖P (x)‖ + ‖x − P (x)‖ for every x ∈ X ). The following result is folklore. Indeed, it follows for example from [52,
Theorem 1.7(ii)].
Fact 5.4. Let X be a Banach space over K, and let u be a norm-one element of X such that Ku is a semi-L-summand of X. Then
n(X,u) = 1.
Now, let u be a non-zero element in a Banach space X over K, and note that X can be equivalently renormed in such
a way that, in the new norm, u has norm one, and Ku becomes an L-summand of X . It follows from Remark 2.2(a) and
Facts 5.2 and 5.4 that, up to such a renorming, u becomes both a geometrically unitary element and a point of norm-norm
upper semi-continuity for the duality mapping (compare Proposition 2.1 of [29], and the comments following it).
The different notions of upper semi-continuity of the duality mapping of a Banach space were introduced and studied
by J.R. Giles, D.A. Gregory, and B. Sims [27] who, among other results, proved the following.
Fact 5.5. (See [27, Theorem 3.1].) Let X be a Banach space, and let u be a norm-one element of X . Then the duality mapping of X is
norm-weak usc at u if and only if D(X,u) is weak∗-dense in D(X∗∗,u).
The notion of strong subdifferentiability of the norm of a Banach space X at a norm-one element u ∈ S X (the meaning
of which will not be speciﬁed here) was introduced by D.A. Gregory [30], and was rediscovered later in [3] under the name
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equivalent to the norm-norm upper semi-continuity of the duality mapping of X at u. It is worth mentioning that, after
Gregory’s paper, most authors have preferred the terminology of strong subdifferentiability of the norm instead of that of
norm-norm upper semi-continuity of the duality mapping. This happens in particular in the papers where the points of
norm-norm upper semi-continuity for the duality mapping of C∗-algebras, JB∗-triples, and real JB∗-triples are determined
(see [16], [11], and [10], respectively).
Let X be a Banach space having a (complete) pre-dual X∗ . We deﬁne the pre-duality mapping of X as the function
x → D(X, x) ∩ X∗ from the unit sphere of X to 2X∗ . According to Lemma 2.2 and Theorem 2.3 of the Godefroy–Indumathi
paper [28], we have the following.
Fact 5.6. Let X be a dual Banach space, and let u be a norm-one element of X . Then we have:
(1) The pre-duality mapping of X is norm-weak usc at u if and only if D(X,u) ∩ X∗ is weak∗-dense in D(X,u).
(2) If the duality mapping of X is norm-weak usc at u, then so is the pre-duality mapping of X .
As pointed out in [28, Theorem 2.3], a consequence of Facts 5.5 and 5.6(1) is that, given a norm-one element u of an ar-
bitrary Banach space X , the duality mapping of X is norm-weak usc at u if and only if so is the pre-duality mapping of X∗∗ .
Now, let u be a norm-one element in a dual Banach space X over K. An early forerunner of Fact 5.6(2) is [3, Theorem 3.4],
which, with our present terminology, asserts that the pre-duality mapping of X is norm-weak usc at u as soon as the
duality mapping of X is norm-norm usc at u. We note also that Remark 2.2(d), together with Facts 5.2 and 5.6(2), implies
that, if n(X,u) = 1, then the pre-duality mapping of X , as well as the pre-duality mapping of any dual of X of even or-
der, is norm-weak usc at u [20, Theorem 3]. As a consequence, by Fact 5.4, the same conclusion holds whenever Ku is a
semi-L-summand of X [20, Proposition 2].
Again, let X be a dual Banach space, and let u be a norm-one element of X . We say that u is a w∗-vertex of BX
if D(X,u) ∩ X∗ separates the points of X , and that u is a w∗-unitary element of X if X∗ equals the linear hull of
D(X,u) ∩ X∗ . It is obvious that w∗-vertices are vertices, and it is not so obvious but true that w∗-unitaries are geometric
unitaries [4, Corollary 3.2]. On the other hand, if u is a vertex of BX , and if the pre-duality mapping of X is norm-weak
usc at u, then, by Fact 5.6(1), u is a w∗-vertex of BX . Now, we can complete the picture with the following result, due to
G. Godefroy and T.S.S.R.K. Rao.
Theorem 5.7. (See [29, Proposition 2.2].) Let X be a dual Banach space, and let u be a geometrically unitary element of X such that the
pre-duality mapping of X is norm-weak usc at u. Then u is w∗-unitary.
Since Theorem 5.7 is proved in [29] only for real spaces, and we are interested also in complex spaces, we reproduce
here the proof, introducing the appropriate changes to cover both the real and complex cases. We begin by claiming that, if
S is a bounded, closed, and convex subset of a Banach space Y such that its closed absolutely convex hull is a neighborhood
of zero in Y , then Y is the linear hull of S . Indeed, putting us in the more complicate case that X is complex, and noticing
that |co|(S) ⊆ √2co(S ∪−S ∪ i S ∪−i S) (where co(·) and |co|(·) means convex and absolutely convex hull, respectively), and
that, by [40, 22.2 and 22.3], co(S ∪ −S ∪ i S ∪ −i S) is a C S-closed subset of Y in the sense of [40, p. 212], the claim follows
from [40, Theorem 22.4]. Now, let X and u be as in Theorem 5.7, and, for x in X , put
v(x) := sup{∣∣ f (x)∣∣: f ∈ D(X,u)}.
Then, by Remark 2.2(a), v(·) is an equivalent norm on X , and, by Fact 5.6(1), we have
v(x) = sup{∣∣ f (x)∣∣: f ∈ D(X,u) ∩ X∗}
for every x, which implies that the closed unit ball of (X, v(·)) is the absolute polar of D(X,u) ∩ X∗ in X . It follows from
the bipolar theorem that the closed absolutely convex hull of D(X,u)∩ X∗ is the closed unit ball of X∗ for some equivalent
norm on X∗ . Finally, by the claim, X∗ equals the linear hull of D(X,u) ∩ X∗ , i.e., u is w∗-unitary, as required.
Keeping in mind Remark 2.2(b) and Facts 5.1 and 5.6(2), Theorem 5.7 implies the following result, which, as far as we
know, has not been noticed previously.
Corollary 5.8. Let A be a (possibly non-associative) complex Banach algebra with a norm-one unit 1, and assume that A is also a dual
Banach space. Then 1 is w∗-unitary. Moreover, if A is in fact associative, then all algebraically unitary elements of A (in the sense of
Remark 2.2(c)) are also w∗-unitary elements of A.
Analogously, invoking Remark 2.2(a) and Facts 5.2 and 5.6(2), Theorem 5.7 implies the following.
Corollary 5.9. Let X be a dual Banach space, and let u be a norm-one element of X satisfying n(X,u) = 1. Then u is w∗-unitary.
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of the so-called unit-order spaces [23]. Looking at the proof of Theorem 3.1, and applying Corollary 5.8, we realize that, if
X is a JBW∗-triple (i.e., a JB∗-triple which is also a dual Banach space), then unitary elements of X , in the JB∗-triple sense,
coincide with w∗-unitary elements of X , and also with w∗-vertices of BX . In particular, for von Neumann algebras, unitaries
(in the C∗-algebra sense), w∗-unitaries, and w∗-vertices are the same [2, Theorem 3]. On the other hand, it follows from
Theorem 4.8 and Corollary 5.9 that, if A is a JBW-algebra (i.e., a JB-algebra which is also a dual Banach space), then central
symmetries of A coincide with w∗-unitary elements of A, as well as with w∗-vertices of BA [48, Remark 2.9].
We recall that, if X is any dual Banach space, then the Banach space P(X), of all continuous bilinear mappings from
X × X to X , becomes naturally a dual Banach space. Now, keeping in mind Remark 2.2(k) and Facts 5.3 and 5.6(2), Theo-
rem 5.7 implies the following.
Corollary 5.10. Let A be a von Neumann algebra. Then the product of A is a w∗-unitary element of P(A).
To conclude our discussion, let us note that Theorem 5.7 does not remain true if the assumption that the pre-duality
mapping of X is norm-weak usc at u is removed. Indeed, given any non-reﬂexive separable dual Banach space X , there
exists u ∈ X such that, up to a suitable equivalent dual renorming, u becomes geometrically unitary, but is not w∗-unitary,
nor even a w∗-vertex (since, in fact, we have D(X,u) ∩ X∗ = ∅ in the renorming) [29, Theorem 2.4].
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